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Abstract 

We suggest the universe is Finslerian in the stage of inflation. The Finslerian background space¬ 
time breaks rotational symmetry and induces parity violation. The primordial power spectrum 
is given for quantum fluctuation of the inflation field. It depends not only on the magnitude of 
wavenumber but also on the preferred direction. We derive the gravitational field equations in the 
perturbed Finslerian background spacetime, and obtain a conserved quantity outside the Hubble 
horizon. The angular correlation coefficients are presented in our anisotropic inflation model. The 
parity violation feature of Finslerian background spacetime requires that the anisotropic effect 
only appears in angular correlation coefficients if /' = / + 1. The numerical results of the angular 
correlation coefficients are given to describe the anisotropic effect. 
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I. INTRODUCTION 


Q. 


Cosmic inflation [ill , as one of basic ideas of modern cosmology, plays an essential role for 
the very early universe. During inflation era, the universe undergo an exponential expansion 
in a very short time. Such a property of inflation makes it successfully accounting for 


the flatness problem and the horizon problem j^. Moreover, the vacuum fluctuation of 
the inflation field that generates the primordial energy density perturbation is a seed of 
cosmic anisotropy. Associating with the primordial energy density perturbation, the initial 
scalar perturbation is predicted to be adiabatic, Gaussian, and nearly scale-invariant. The 
recent astronomical observations on the anisotropy of cosmic microwave background (CMB) 
js, 4] show that the exact scale invariance of the scalar perturbation is broken with more 
than 5 standard deviations. And the observations give stringent limits on deviation from 


fl. 


Gaussian statistics H. These facts support that the inflation model is a preferred model 
that generates the primordial quantum fluctuation. In the standard single-field inflation 
model, cosmic inflation can be described by nearly de Sitter (dS) spacetime. Only six 
isometries are preserved in nearly dS spacetime, namely, three spatial translations and three 
spatial rotations. Other four isometries of dS spacetime are broken. Especially, the violation 
of time translation yields that the primordial power spectrum is not scale-invariant. The 
observations on GMB anisotropy p, 1^ limit the magnitude of deviation from the scale 
invariant to be 0(10“^). 

riQ 

Recently, the CMB power asymmetry has been reported p, 17[ . It encourages physicists to 
study the anisotropic inflation model which breaks the rotational symmetry of the nearly dS 


spacetime. In the usual anisotropic inflation model js], a primordial vector field aligned in 
a preferred direction is involved and the rotational symmetry is broken. In such anisotromc 
inflation model, the comoving curvature perturbation becomes statistically anisotropic 
Usually, the background spacetime of anisotropic inflation model is described by Bianchi 
spacetime [l^. The Planck 2013 CMB temperature map gives a limit on the deviation of 
Bianchi spacetime from Friedmann-Robertson-Walker (FRW) spacetime. The upper bound 
of rotation invariance violation during inflation is limited to be less than 0(10“®) 




In this paper, we will study anisotropic inflation in which the background spacetime is 
taken to be Finslerian. Finsler geometry is a new geometry which involves Riemann 
geometry as its special case. Chern pointed out that Finsler geometry is just Riemann 
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geometry without quadratic restriction, in his Notices of AMS. We choose Finsler geometry 
to investigate anisotropic inflation for three reasons. First, the flat Finsler spacetime, as the 
counterpart of Minkowski spacetime, admits less Killing vectors than Riemann spacetime 


does 


13l | . The numbers of independent Killing vectors of an n dimensional non-Riemannian 


Finsler spacetime should be no more than n{n — l)/2 + 1 


Q. 


It is expected that the 


rotational symmetry is broken in Finsler spacetime. Second, the gravitational held equation 
in the modifled Finslerian FRW spacetime has been setup jl^. Such a Finsler spacetime 
can be used to investigate the cosmological preferred direction that is implied by the Union2 
Snia data Last but not the least, generally, Finsler spacetime is non-reversible under 
parity flip, x —?• —x. A typical non-reversible Finsler spacetime is Randers spacetime |17l |. 
Such a property makes a function in Fourier space </>(—fc) to be different from Thus, 

one can expect that the primordial power spectrum in Finsler spacetime violates the parity 
symmetry, namely, the power spectrum is not invariant under the parity flip, k —k. 

The rest of the paper is arranged as follows: In Section El we present the anisotropic 
inflation model in Finsler spacetime. The background Finsler spacetime breaks the rota¬ 
tional symmetry and induces parity violation. We derive the primordial power spectrum 
for the quantum fluctuation of inflation field. In Section El we derive the gravitational 
field equations in the perturbed Finslerian background spacetime, and obtain a conserved 
quantity outside the Hubble horizon. In section HYi we derive the angular correlation coef¬ 
ficients in our anisotropic inflation model. And we plot the numerical results of the angular 
correlation coefficients that describes the anisotropic effect. Conclusions and remarks are 
given in Section IVl 


II. ANISOTROPIC INFLATION IN FINSLER SPACETIME 


Finsler geometry is based on the so called Finsler structure F defined on the tangent 
bundle of a manifold M, with the property F{x, Xy) = XF{x, y) for all A > 0, where x £ M 
represents position and y represents velocity. The Finslerian metric is given as 0 


9fj.v 


d d 
dyt^ dy^ 



( 1 ) 


Throughout this paper, the indices are lowered and raised by and its inverse matrix . 
The Finslerian metric reduces to Riemannian metric, if is quadratic in y. 
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In order to describe the anisotropic inflation, we propose that the background Finsler 
spacetime is of the form 


where F^a is a Randers space 



= yV 




FRa = a + P = 


( 2 ) 

( 3 ) 


a denotes the Riemannian metric and (3 denotes the one form. Here, we require that the 
vector 6* in F^a is of the form F = {0,0,6} and 6 is a constant. It is obvious that the 
background spacetime (El) returns to FRW spacetime when 6 = 0. The spatial part of the 
universe F^a is a flat Finsler space, since all types of Finslerian curvature vanishes for F^a- 


The Killing equations of Randers space F^a are given as 

dv’^ , dV^ ^ 

LyOL — Okj-R— + Oki-R— — 0, 


dx^ 
dV^ 

Lv(3 = 6 ^ = 0 , 

ax* 


dx^ 


( 4 ) 

( 5 ) 


where Ly is the Lie derivative along the Killing vector V. Noticing that the vector 6* parallels 
with z-axis, we find from the Killing equations that there are four independent Killing 
vectors in Randers space Fjia- Three of them represent the translation symmetry, and the 
rest one represents the rotational symmetry m x — y plane. It means that the rotational 
symmetry in x — z and y — z plane are broken. Also, the spatial part of Finsler spacetime 
(Ej) is non-reversible for z —?• —z. It means that the party is violated in Finsler spacetime 


In our anisotropic inflation model, we just consider the single-field “slow-roll” inflation. 
The action for this scalar held is given by 

S = j d^xV^ . (6) 

The quantum fluctuation [l^ is associated with the first order perturbation 60(6, x) of the 
inflation fleld (j). Noticing that the determinant of the background spacetime (Ej) is given by 
g = -a^Fl.J{Sijy^y^)F^, we find from the action (jH]) that the equation of motion for 60 is 
given as 

60 + 3H’60 - a-^g^WidjS^ = 0, (7) 

where the dot denotes the derivative with respect to time, H = a/a and is Finslerian 
metric for Rander space The Finslerian metric g^ is a homogenous function of degree 
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0 with respect to variable y. It means that the Finslerian metric depends on direction. 
Such a property makes the solution of the equation of motion ([7|) much more complicated. 
In this paper, for simplicity, we take the direction of y to be parallel with the wave vector 
k in the momentum space. Therefore, in the momentum space, the equation (J?!) can be 
simplified as 

+ 3HS(j) — = 0, (8) 


where the effective wavenumber k^ is given by 

/Cg = g^^kikj = k^{l + bk ■ hzY. 


( 9 ) 


Then, following the standard quantization process in the inflation model |20|, we can obtain 
the primordial power spectrum from the solution of the equation (|8|). It is of the form 


Vs4>{k) = Voik) ( ^ 


Po(l - • hz), 


( 10 ) 


where Vq is an isotropic power spectrum for which depends only on the magnitude of 
wavenumber k. The term Sbk-fiz in the primordial power spectrum Vs 4 > represents the effect 
of rotational symmetry breaking. 


III. GRAVITATIONAL FIELD EQUATION IN ANISOTROPIC INFLATION 


At the end stage of inflation, the background metric perturbation is coupled with the 
inflation field. Thus the initial power spectrum differs from Vs 4 ,- In standard inflation 
model, the comoving curvature perturbation that links inflation field with background metric 
perturbation is conserved outside the Hubble horizon. In our anisotropic infiation model, 
we should find a counterpart of comoving curvature perturbation. 

We start from investigating the gravitational field equation for the perturbation of Finsler 
structure (El). In this paper, we just consider scalar perturbation. For simplicity, the scalar 
perturbed Finsler structure is of the form 

= (1 + 2t(t,f))»y - aHt){l + 2m,x))Fl, (11) 


where T and d> are scalar perturbations. In Finsler geometry, there is geometrical invariant 
quantity, i.e., Ricci scalar. It is of the form [l^ 


1 


Ric = — I 2- 

V dxi^ 


dG^ 


- y 




_'___I 

dx^dyi^ dy^dyi^ dy^ dyf^ J ’ 


d^G^^ dGi^dG^\ 


( 12 ) 
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where is geodesic spray coefficients 


G- = . 113) 

4 \dx^dy^ dx'^) 

The Ricci scalar only depends on the Finsler structnre F and is insensitive to connections. 
Plugging the perturbed Finsler structure CD into the formula of Ricci scalar m, we obtain 
that 


F^Ric = + {eta + - 3$ + 3//(T - 2$)) 

Fy^y^ - 4 $,,) - yY {'^,i,j + 

(^{2a^ + aa)(2d> - 24^) + aa(64> - 4') + a^d> - 

1 / • \ 


where the comma denotes the derivative with respect to spatial coordinate x and R = a/a. 
In section im we have taken the direction of y to be parallel with the wave vector k in 
momentum space. And noticing the relation ^rl/j = 0, we find that the term of equa 


fnUl which is proportional to should vanish in momentum space. In reference j^, 
we have proved that the gravitational field equation in Finsler spacetime is of the form 


cion 


m, 


G>t = SwGTl^, 


(15) 


where the modified Einstein tensor in Finsler spacetime is defined as 


GJ = ffiej - -i'S, 


(16) 


and T/* is the energy-momentum tensor. Here the Ricci tensor is defined as |2]| 

ilF^Ric) 




dyt^dy^ 


(17) 


and the scalar curvature in Finsler spacetime is given as S' = g^^RiCnv Plugging the equation 
for Ricci scalar (m into the gravitational field equation, we obtain the background equations 


3//2 = 87rGr°)o, 

- + H^ = -SirGryS, 

CL 


(18) 

(19) 
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and the perturbed equations in momentum space 


= ( 20 ) 

= SttGST^, ( 21 ) 

= 8TTGSTi/3, (22) 

= SttGST; (23) 

where A:* = g^^kj. Here, the energy-momentum tensor in the above field equations is derived 
by the variation of the action (El) of inflation field (/). It is of the form 

= d^4>du4> - 9,. {^9"^d^(l>d^(l> - H((/))^ , (24) 

where and in equations fllSinOj) correspond to zero-order part of inflation field, i.e. 
00(A), and 5T}^ in equations (I20ll21ll22ll23l) corresponds to first-order part of inflation field, 
i.e. 5(/){t,x). Now, we find that the background equations (11811191) are the same with the 
standard inflation model that means our universe is exponentially expanding if the slow- 
roll condition 0o ^ ^(0o) is satisfied. However, one should notice that there is difference 
between standard inflation model and our anisotropic inflation model. During the expansion, 
the spatial form of universe is Euclidean in standard inflation model. And in our anisotropic 
inflation model, the spatial form of universe is Finslerian. This anisotropic feature is obvious 
in the perturbed equations. The perturbed equations fl20ll21ll22ll23l) are the same with the 
standard inflation model except for replacing wavenumber k with effective wavenumber kg. 
kg depends not only on the magnitude of k but also the preferred direction that induces 
rotational symmetry breaking. 

Following the approach of standard inflation model j^, we find from the field equations 
(UHlEa)) that 

a - *) , (25) 

where the prime denotes the derivative with respect to conformal time g = f ^ and Ti = ^. 
During the stage of inflation, we are interested in the modes of quantum fluctuations that are 
outside the Hubble horizon. Therefore, the terms that are proportional to can be ignored. 
Then, we find from equation (l25l) that the comoving curvature perturbation Rg = ^ 

is conserved outside the Hubble horizon. The comoving curvature perturbation Rg is same 
with that in the standard inflation model. This is due to the fact that Rg does not depends 


6H^ - + 2 ^ 

-i (2H'^ - 2 $) ki 
2^ + H (^6$ - 2t) - T (2H^ + 4^^ + ^ ($ + T) 

-a-‘^k%j ($ + ^) 
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FIG. 1: The off-diagonal TT correlation coefficients with m = 0. The black, red and green 
curve correspond to different Finslerian parameter, i.e. b = —0.08, —0.04, —0.02, respectively. The 
following figures are given by the same convention. 



FIG. 2: The off-diagonal TT correlation coefficients with m — 1. It demonstrates that the off- 
diagonal correlation coefficients Cu/ depend on m. 

on the wavenumbers fc, such that the anisotropic effect does not appear explicitly in Rc. 
Thus, we can use the formula f lTOl) to get the primordial power spectrum for Rc. It is of the 
form 

VRM = Viso{k){l-3bk-n,), (26) 


where Viso is the isotropic power spectrum for Rc. 
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FIG. 3: The off-diagonal TE correlation coefficients with m — 0. 



FIG. 4: The off-diagonal TE correlation coefficients with m = 1. 

IV. CONTRIBUTIONS TO CMB POWER SPECTRA FROM ANISOTROPIC IN¬ 
FLATION MODEL 


The anisotropic term in formnla (l26ll could give off-diagonal angular correlation for the 
CMB temperature fluctuation and E-mode polarization. The general angular correlation 
coefficients that describe the anisotropic effect are given by Cxx',ii',mm' |2^ ; where X denotes 
T and E, respectively. In our anisotropic model, by making use of the formula (j2Hll . we obtain 


9 



























FIG. 5: The off-diagonal ET correlation coefficients with m — 0. 



FIG. 6: The off-diagonal ET correlation coefficients with m = 1. 

the CMB correlation coefficients for scalar perturbations as follows 

f Ink 


C 


XX',ll',mm' 


(27r) 




where 


/ 


Pll'n^n.' = / dnVRY*Yi 






2 / + 1 




(27) 


(28) 
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FIG. 7: The off-diagonal EE correlation coefficients with m = 0. 



FIG. 8: The off-diagonal EE correlation coefficients with m — 1. 

^x,is{k) denote the transfer functions and are the Clebsch-Gordan coefficients. 

Then, we find from formula (I2ZD that the CMB correlation coefficients Cui contain diag¬ 
onal part which means I' = I and off-diagonal part which means I' = I + 1. Here, we have 
defined Cu' = Cxx',w,mm' ■ The diagonal part of Cw that gives the contribution of statistical 
isotropy equals to the CMB correlation coefficients in standard cosmological model. And the 
off-diagonal part of Cui that comes from the anisotropic term 3bk ■ fiz describes the deviation 
from statistical isotropy. One should notice that the anisotropic term 3bk ■ hz in our model 
is not invariant under parity flip, k ^ —k. Thus, the anisotropic effect in our model does 
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not contribute to the diagonal part of Cu/. 

Here, by making use of the formula of angular correlation coefficients (1271) and the Planck 
2013 data jd], we plot numerical results for the off-diagonal part of Cu/. The off-diagonal 
part of Cw have two properties that differ from the diagonal part. One is that the TE 
and ET correlation coefficients are different. The other shows that the off-diagonal part of 
Civ depends on m. These properties are obvious in the following figures. The off-diagonal 
TT,TE, ET, EE correlation coefficients for m = 0 are shown in FiglU El El 0, respectively. 
And the off-diagonal TT,TE, ET, EE correlation coefficients for m = I are shown in F^i2l 
in El El respectively. Here, we have used the mean value of cosmological parameters jj] to 
give the above figures. And the coefficients in these figures are defined as = 

\/l{l + !)/'(/' + ^)CxX',ll',mm'/‘^'^- 

The above figures show that the off-diagonal correlation coefficients for m = 0 have 
similar shape with the diagonal part of angular correlation coefficients. This is due to the 
fact that the transfer function A; approximately equals to A/+i for high 1. In other words, 
they are related to nearly same physical scales. 


V. CONCLUSIONS AND REMARKS 

In this paper, we have proposed an anisotropic inflation model in Finsler spacetime. The 
Finsler spacetime ([2]) breaks the rotational symmetry and induces parity violation. The 
primordial power spectrum was obtained for the quantum fluctuation of inflation field (11(1 . 
The term 3bk • hz in the primordial power spectrum Vs^ represents the effect of rotational 
symmetry breaking. The gravitation field equations of the perturbed Finsler spacetime 
m were presented. We have taken the direction of y to be parallel with the wave vector 
k in momentum space. Thus, the dynamic feature of Finsler spacetime vanishes. The 
perturbed equations (1201121112211231) are same with that of the standard inflation model except 
for replacing wavenumber k with effective wavenumber kg. kg depends not only on the 
magnitude of k but also the preferred direction hz that represents rotational symmetry 
breaking. These field equations guarantee that the comoving curvature perturbation Rc = 
— •F is conserved outside the Hubble horizon. The comoving curvature perturbation Rc 

9o 

is same with the one in the standard inflation model. This is due to the fact that Rc does not 
explicitly depends on the wavenumber k, such that the anisotropic effect does not appear in 
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Rc. We have used the primordial power spectrum of Rc fj26j) to derive the general angular 
correlation coefficients Cxx',w,mm' in onr anisotropic inflation model. The parity violation 
feature requires that the anisotropic effect only appears in angular correlation coefficients 
with I' = /+!, and does not contribute to the diagonal Cu^ i.e. the power spectrum. It means 
that the off-diagonal part of angular correlation coefficients represents the anisotropic effect. 
The numerical results for the off-diagonal correlation coefficients show that they depend on 
m, and TE and ET correlation coefficients are different. 
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